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1. Seneral intro2uction,

Tht next ssctions iniroduce a trestment of problems of
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statistical estimetior Zn walch some previously developed theorles
are extenisd and unifled,

The formulation of th20 estiration problsm adopted here 13 of
thte general kind used in the theory of estimation and testing
hyrothsses duo to Dayman s2l Pearson: esiiration methods are
eviitated in terns of nrovasilities of vario:s possible errcrs,
Tor statistical infercnce or decision problexs gensrally, the most
ceneral possible fomulstion of this %ind 1s avidantly that of
“iriley (1); thers, for tie problem of deciding among k simple
hypot'vses, one considers in a lopically syrcetr’cal way sach of
ths k/k-1l) error nrobabilities Peg ¥ probibiiity of adonting
{(vhen using 8 given inferancs rile) hypothssis {1 when hypothesis j
1s tris, 1#). Tho fornulstion sdopted here s equally ganorel,
tut iatroduces also “he particular orderinz mong hypothsses which
rezressnts the atructure of any ;;lven parzomntric estircation problen,
Por exa~;le, In & cne-par:msiesr eatinstion -rotlen, the wiole dis-~
trit:tion fumetion of an ostingtc®, undar eah possible valve of
the pererater, 13 d3alt with rethar explilicitly and not "srraerized®
5y 9o fanctional sich &3 rwen sj=cred error,

To this for-ilation, the cocnlert of ad=iszibility and the
, cdeclglon-theoretic methnd: lus t2 Yald are arplisd to sdlaln
cre-acterizations of copiete claises of ad-issible esti=a‘orsr for
many prodlems, PBacaus. of the brirad definition of aimissitilizy us~d,
theze comnlrte clagdas Inclide all esiimators which are ai<lsyible
with respact to rarticules loss fmeticns such es mean squared

srror,. Thus the ~resent theory bis theoretical and technical
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teitvrnes or estimstion theories based on different foremlations,
w? in 8 Jomal sense it enbraces sach tiooriss, (Hoad secticns
of ttic- sortes of papers will be readsble by statistielans o ave

ars dactytion theurtets,)

ts or's principle ¢f estination by maximum 1ikelihcod is
rinerslized, given exast {(non-asymptotic) justification, snd unified
w.ta ke *hs ry of confidence resions and tests of Heyman aad
varicr. Iirse parta o7 the theory utilize prisarily the methods

rep

of tre lattsr theory, an¢ yield scme new practical techniques of
estimntion.: :

The pre-eding resarks apply orimarily to polat estisation
=roblers, but the treatment sdopted unifiss point end cunfildence-
Tojicr e3:ltion methods, snd incorparates bath in an "omnibdus®
d-firizfon >f "an estimate” which s proposed snd fllustrsted as
2 rreecicnli; useful dovice as woll as a thooreticelly uutn_l
asdiin, 13> prodlans of estinmation of a real-valued parssater,
sich ar sstiets is called a "confidarce curve” and is & represeanta-

=

tlom ef <3 Tamily of uprer and lower oonfidence linits for the
parazevo™ at eath poasible confidense voefflclent {thus differing
! at rese {n f-rr from the “confidencs distridutions® desoriboed by
| cox ((2), p. 262)),
Sce rrcblers of sacuential estisantion are m:bo_ﬁ. %htlm

T S o A A A L b o

batueon asy~; totic and ncne-asymptotic theories of catimation are
develore? 1 mume detell, '

2. (e varins forwulaticas of tha probler of point estiration,

. Ls consider here predlems of estimstion with reference to a
| specified axyeriment B, leaving aside for the tims bLeing el
* f% . quastions cf axperimental design including thoss of ehodce of &
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“selipns 3z 28 asted to be tmlﬁpd asapartcf B, et l‘{x}
samote the samric spsce ¢f posrible cutcomss x of thy exveriammnt,

=% pi(x,0) Ze-ote one of the elementary probadbiiity functions oa 3
--lek ore smeeiftef as peasibly true, and let Siu {OI deniote the
acified parazeter roace, 80 that for esch O in Ml and for eash

. beat A of £, the prodbatlility that B ylelds an cucome X in A S»

lesn by

 J - -
- “ A
Axle sizs t¢r poasicly ¢ sequentisl sempilny: rulsi scee defisite
{
|
i

Pro {x ¢ uo} o { ptx,0) 2utxis
a

sasp p is @ tpacified messurs on S. (Ve assume *acitly here and
«17 that ctnsfceretion 1s sporopriately restricted to measureble
1ots and fenesione only.)

ot ¥= Y8} Do any function Ssfined on Sl (ax Szportant
s90 da ¥(3) E 5}, and let | dencte its range. Them a point -
sntimator of ¥ 22 a fumction  geg({x) defined on S exd taking

AN SRR o 14 1 4

. lus in "o (™oe Zunction gl.) 1s cslled an estimatons given &
iTacific obsirsed outovme X, 9w specific valwe glix) 15 called mm - ; R
e +1ma % c) . i

i The follow’ng cefinition, ewntalining as 1% Gces & nuwber of

o

1ther vagus terrs, gseeas to render €9 preclaely as possible the
; 2311 1atulitive reaning of "tts estimstion problem®:s A prodlem of
soint-ostiration s & prodblem of choosing s gool estimator, that is,
i 21 estinator g v:ich tends to tuls valuse close Do the true bet
- -exnown taloe of ¥,
:. For purpoter of caparing altsrnative esticators, the anly
- - araoise intarpretalicn wihich this dafinition allows 1s evidently
T extromaly 1laited ome in vhich, under el typothesis 9, Ue
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;rrreet valus g = Y(0) 45 ssnsidered clessr to the trwe valwe
t = 38 sny other value l'f‘ﬁ;i,tumhﬂniumu
t= closeness are possible emorg Aifferent incorrest valuss. (Note
--at o ordering or parcmetrie straoture 1n /L bas besn assumed ss
23.} In Lindley's formulation Sescrided above, this definitiom
-sas3 0 & necessary proference for one ostimator with error
“3babl1ities py, over e second ome with error crobabilitiss 9;3
SUET S WP p;’ for el 1 and 1 and also pu<’;’ for some
* a4 some 1, However, in most estimation prodleas the event
23t an estimate is precissly correct has typically neglicitle
~*2bablility and is of 1ittle interest,
In order to obtaln g dofinite basis for eompuring estirators,

13 13 pecessary to spccify fusther the “closeuness™ of the varions

. correct valuss of an estimator unlder esch hyvothesis, (n the

twer hand, sny proposed gquantitative measure of elosanes#, o of

:5t or 1oss Jus to errors, ia necesssrily open te the oriticimm
—at it 1s partly subjective or arditriay and henoe 1s mot s

» uroughly setisfactory formulation of the gosl of “*ths estimtion ‘
+oblen” as stated sbovs, Hevertheless, befiming with Laplssce snd

iaiss {cf. Hogman ({3), ppe 9-14) for an intaresting brief simtch !

of the thecry :

wl thy hhtory‘ot sstinstion, and referencey), usaful formidstions

I the estination problem have besn mads in terms of spevifis
“motions adopted to repressnt the 10ss dus to esch pozsible errer,
i'or estination of a realevalued parmwter, the uss of the absolute
“alus of thr error, introlused by Leplase, a3 replsced by Gusve

Ly e squared error because (e lattsr proved move trastadls _
-athermtically and provided an equally ressomble dafinite foeailee
‘230 of the probles, The use of 1oss functioes in eottmiton sod
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2*Ser statistical prodlems was gives pertisnlar suphasis in the
deg’sinn-thecretic formulations das 90 Jmld,

Thi crivicism that sy pertisylier loss fawtion adonted sy
be wreoat artitrary seens te be mewered for mxy practiesl mmd

thesreticsl purposes by noting {(a) that e izype Bodlies of statistizel

thec. 7 *~4 technigues to which thede formmlatizms Mave 1sd Intlwde
vzoy estisation nethods whieh can bz evaliated €lrestly 0u sy
2.z 1535398, without necsssary reference to tw =artizular loss
mctim adopted originally; (b} that on varions scch evalaations
theze nathods are found very usef7ls and (s) t2ad asdetential parts
of $=is body o tiwory and tecinigues have Deean ol less sensitive
sras =15t be anticipetsd to molerste echanges St the specification
o tiw ices functlon, 80 $35t 13 RaEry protlcms & m—Se- of A1ffemgnt
Tenas-nghle looking® loss funetions will lead e scietzntially the
sxw estimation methods,

Sach forrralations dispose of the vagoensss 2 "the estimtios
reohlen® by representing the individml who mcet mks Inferences
tr & formal medel of & "ratiomal econonls -wn® o har {at lsast
2r=1teit in his patteme of indactive behavior) s wtility fumtios
Ge?ined over tis poc33ible eutecees of the irnfpremcs situatlion,
Wotls thase frremlaticns, snd the thecries &2 Sscinigoes o whieh
stey lsad, are extremsly wesftl and 1llmeizgting, they 40 met svem
o exbrace s ruch of the Intzitive eontent of "tie estimation
~rohlen® a3 one nicht vwish, snd they fntrofaoce ciemscls oos night
wiyh 20 sv0id or prostyone wing a8 Jar s 1s posailils in e
Zsvelopoent of a oeversl ol sl theory of exiimation, Thils
sesms true particuiarly with regsrd o the situsilon & the
selectille ressareh worksr ecumerast not with Malpxing o male
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irmadizte declsions Dut rether with Asveloping Encwvledge and wsing
c1timation methods in his anslysis, intsrpretation, and reporting
cf research data; here measurepent ¢f ulilities of various outoomss
1s rather hypothsctical, as 1s, 4n 4mportant ocases, the posaibility
<4 dopleting his inference-malting situation in tarms of more definite
declsion problems,

Even vhan the vaguensss of the estination problem s dealt
vish by séoption of & loss function, typically a larpe class of
eistirators remain 4&dnisaidle for reasonadle o~nsiderstion, and
selecting one of these tequires adoption of a further formal
criterion of optimaity or an informal eompariscn, judcment and
cholce, For estination problems in selentific resesroh, the
sd.ntion of any auch formal oriterion to defims &n ocotimuas sxpoctad
loss function of an estimator seems to compound the somewhat
arsitrary or suMjective choloa of the loss funotion 1tsell; while
informal corparisons of esztimators ecan often be made in at lesast
a3 3imple and saticlfying a way by direct considerstion of errofe
~obabilitiss of estimators as by consideration of expected values
of inss funotions,

In general it seems woriiniile to distinzuish as far as possible
irfomative inference, as a basic function served dy statistical

rethods in sclentific research, from other functions served by
atatistical methods including those represented in theories of
rational decisfon-makina, Thias distinetion s not rendered a

~urely formal one by the consideration that most statistical theories
and technigues may prove useful for doth Sunctions) nor evea by

the fact that the nature of the forwer funetion esn often usefully
be explicated (analysed and interpretsd) by use of the oconcepts and
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formilations of thesrles of declsion-naking, The latier i4nt Joes
uot i=mly thet such interpretations exhaust the nat:ne and rmeaning

of tus informative inference funotion, This s not the place for

s dotallel discussion of this very pgenersl msthodological questiong
nov7ar, 1t may bs nited that there are predlems in which quite

4’1 forent fornal theories and practical statist.-al teshniques are
er-rowrieto, deponding upon vhether an informative or a nore

rac’ Flc 1tilitation goal s adonted, A striking example is provided
by t's problen of estination of the mean of a multivariate normal
Alstribution, and the formally sinilar prodblems of the olsssical
thes>ry of linear estimation (assuning normality of errors), For
thase proolems, the use of the olassical estimators for ezch com-
poneat or each paranetrio funation seems gensrally aporopriste for
wuredens of informative infererce, and tisir use *s indlaated by
vorious forrul ariteris for estimators, including that of meane
3qared orror, (Such juetification of those classical estinators

13 discussed 1n pore de-all in Seetlion 5§ Delow,) It has beer proved
by “to’n (4}, howaver, that for the problem of estineting simultsnecusly
Lirea or more cormonents of the nean of a rultivariate normal dis~

tr ision (or three ar more indopondsnt paramsiric funetions), &f

s alonts ¢s a losas functlon the sum of sqguared errors of the

o3 e251vo eatlinates, then the clasalcel estimaiors are insdnissible,
It seons cleour that this result, alriking ss it is, does not at

all datrect from ths reasvnahlens:s ior using the classical estimetors
for nformative inference, eapecially since information sdout come
p0 vita or parsvetrio funotions individually is often of priwary
intamst. 7The resuld dosa point up the need for esution in cormwe~
tion with use of loes functions to represent the goal of informative
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nfarences about paranstsrs, Staints resilt depends oruelally oa
<90 ~recise quantitative form specified for the loes function,
tonatler with the use of compounding (by adding their loss functions)
3:7 dlatin-uistable inference problems whioh, for purposes of informative
‘~foverca, thers 13 oo olsar resson to consider in combinatlion,
‘hw usefulness of over-all srror rates for a fanily of confidence
~ terval estinates on pararetric functims is not inconaistent with
22 fret that the most useful fanmiliss of interval estimates, for

“2forraiive inferences, consist of confilunce intsrvals each based

»1 a classiosl estimate,) Stein's result voiats a direction for
}svelepment of new statistical tachniques for purposes of succesiful
rediction, techniques whieh may <differ strikingly froo the classical
SLinBLors; sud Leip3 0 make clear that the dif“erent funotions of
"~Ior-ative irference on the one hand and successful decialione
1tvinz on tho other will somstimes be served best b)Y qguite distinot
».eo-etloal formulaticns and practical techniques,
i Such considerstions lead us to develop as far as possidle &
% -eory of estination in which (e} the notlon of elossness to the
. ezt valus, of various incorrect valuss cof sstinstors, 1is expressed
"7 8 rrecise and useful way without introduction of loss functions
~> si~ilar dovices, and (b) estimatcrs are svaluated in terms of
~babilities of srrors of various sorts in thw style of the Noymane
~arzon theory, PFor prodblens of eztimation o.' & r-al-valusd
rarster ¢, such comparigons as to closeness e &v2i'abdie in an
'71cus «ay botwsen svery two incor ect wrluss each les3s than thw
.rrect valus, and between every two incorrect values erch groster
~an the correct valusj this leaves open only the coryperison of
-ncorrsct values on opoosite sides of the correct value, VYe ave

e s - o - o e o o————————
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this led to develon a theory of seilmmti=x ltased on direes come
sicoratisn of the vhole AYetridz2ioy Smmetion of each estimator
under esch hypothesis, On these =, cow e3:inator can oftan but
ot alwnys be Sudred necessarily Setier %tac a seccnd one. Savage's
discuseion ((%), pp. 224-225) & wartozs crite™is for estimalors
is amusual In its inclusion of a == a2 o admissibility
based in this way woom T wixlas ¢.d.7, of an estimator,

Systeratic use of such a critari-r seexs Dot to beve been pede
oreviously.

Apart from the goel of dernl=xiz~ 2 theory of esti=mation in
a fora which seoms appropriats <= rmrroses of informative inferénce,
the developuwent of the presex: Toec—y *as thesrwtical and technical
Tolcvance for theories of esti=ax"ar “ased an otter forrxlstions,
since tho pressnt? tlrasory evideciis In- —3es all other theories In
1 forral sense. A In~wledgs == 2w aix’se’ile class In the present
broad senss can be helpful whwes zoer s——"vec-es &re 10 be applied.
or ezsrrle, every estimats which 23 adwfsginle with respect $o &
MPoen-$G AT G-aTIOr 2088 fmcilis wewt B adzlissidle in the oresent
senzs; hence the search for good w.s . e.-extizains can be restricted,
without loss, to the adniss!Xls clzes i== a carrlete class) in the
pressnt sense, (In this wvay, a *eo=ty o Aafinitions of admis-
siniiity {cf. {6)) lesds to & eor—wenomiize nerted hisrarchy of
ad~i23'ble or complets classes.” A-x’r, & c>itericn of estinatlion
ray bs shown to l:rad, for Iy r—ntlsore , T estimmtaes vhich are
not adniasidble in the presest swowe: s reszits facilifate our
aprraisal o such criteris; s.ry. T or aviom of unblasedness
hes b n shows to lsad to ilcadwlisei:le estimstes $in this senss In
soms probloma ¢f interest. & «ise™izz Tvr edcioce of an estimator

-y,
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"
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may te yhoun to leal, in some classes of problems, to estinates
whck s~e alwars adiss2tle; when this occurs, the reasonab’ensss

of tte criterion s corfirmsd, and fur'lermore any a oriori intuitive
attractivensss of tie criterion, to-ether with this confirmution,
ray te & satisfylng prsctical basis for resolving the sorwtiines-
¢1f"lcult rroblez 0. chonsing an estimator fron a larse adn/saidle
cless; w der £24rly ~eneral conditions, maximun 1likelihiscd estlnators
e be ~tven tils uini of jJistifilcation, as will be indicated in

a later rectisn, fin:lly, @ criterion shick is @ priori attractive
ray leal to 22 estirs‘cr 41ich s-ems tnreasonable; evidently this
indicates that soe of the intulive c¢dontent of the estimation
rrciles Is pot falsfully expressyd by the given criterion, s dis-
cusscd alove in (snosctica with 3telrts result, Use of a brosd
ericrion of al~iszibill!t; can ™solve such apparently-inconsruous
sit:atlons, snd can ex:ibit a varlety of acmissible estimatars from

aras which a :atisfyin~ cholce nay be possible,

3, Ad-l:sible esti-ators.

The rressrt soct’cn leals with the concept of adnissibility
of an as*iator of e recl-valued paraceter €, (Cxiensions to
»:1tipararter roblens, nroblens involring nulsance paraneters,
ard -rotlams 41%h ctoer parawitic structures will bo siven in
32367zt scetinie, ) Tal L) ve any sibset of the rcval line
{#tnits, or countaily o- wnccow.2adly infinite). The fanily of
oieimntery pro.abdbility funetions pix,d) under corsideration has a
caranetrie str.ctire only ia that esch p(x,9) is lateled by a dif-
ferent re2l nrber 9, Let o' = 0%z} ve any (nsas rutle) estirators

1t ts 13ef11 (as vill arpaar balow) to allow the renze of 0% to be
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any eubsst af the eloauro.ﬁor L (e.g. LS £ 1s the wvtsle resl
line, 6" nay take the values & ), Por each rossidble trus value
€, the use of an estimator 0° leads to certain probabilities of
over-sstination, represented by the function

n(u,o,o’) - {Prob(e'(x) = z|Q) for each resl u < 9,

Prov {e® (X) > u|0) for each real a >0,

Ths function a(u,9,0") 13 thus defined at each G €2 and at each w0 .
Por a fixed O, a(u,9,0") will be called tas risk curve of the
estinstor 0¥ as e .

Definitions, Por s given estimation problem, an estinator 0% 1a

called 1t lonrst as pHod as an estirator o™ 1r l(n,0,0.) = l(ﬂ-°o°”)

for il $&S1 and all ufo., If 0% ana 0°° are each at lacst as
g27d sz the other, then a{u,9,0")= a(u,0,0“), and the estimators

are cilled equivalen?. 1If neithsr of 0°, 0" 13 2% least as pood

the otlwer, the tm eatimators are called not comarable. I o" 1s

at lrast as good as O end if 2(1,0,0") < alu,0,0™) for sone 0 ¢
and some u # 9, ©® 1s called tetter than %%, As sstinator o 1s
called £i-1321blo {f no other eat'nator 13 betier than ©°. 3he class

of aclriszible estinators 18 celled the adiissible class, A class

of esti-atoras is called corplate if, for each sstimator outaide the
closas, there s & better one in tns class., The =ininal smallest

cor-ete class, if one exists, colincides with the admissitle clas .

A class of estimators 13 called esasentlally complets 1f, for each

s3tinator not in the cless, there 1s one at lesst as good in the
clasa, A niniral sssentially cormlote class, if one exists, is a

supclass o7 the adniisidle class,

It 1s useful to dafine also, for each § and 0..
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N (
2.6-.8,5") = Prov 16'(1) < ¢l9 } = L:.-o 1(0-639,0.) »
€O,

€>C
z { o,
$£.e+,9, ) = Prob lo':A) >2l0f = ltn a(oe€;0,0") ,
G——io'
€>0
for sec™ 9 . Wren referencs to a 3iven ssti-etor o* s understood,
we il write si~ply afu,0), als-,0), or a{G+,8) ., Ths ‘unctions
£{-,%) and &.04,0) of ¢ aZx't 32711 interpretations, ss will be

resrectively
ses -1l.w3 they will te ca‘.loé‘ t»s 12var lozation Sunction and

-2 Yxzgtion funetion of 9’.

Ir 1angy oroblers, estimzors for which 2robd {0'(1) = C‘O; >0
fox s w2 J 4111 te fourd not usefal, Thes Tor the renalnin;
€sti-oirs we hnve afe-,3) = l-a{é+,0) asr ths valuc of the c.d.f.
of T:2) et © vhen O 48 true. To to such estinators, baving
£!7 ecamt lacation functlions, ean o corrsrableg for

-

gre 5,07) < 276+,0,9%") 185 erulvaient to a{9+,0,0") > a(9+,0,07);
th.. a>r.s trat rilither astinator ‘3 ki lesst as -~ocod as the other,
T iuTy Lrcad and "wes¥® defin tior of admissibility adopted
@:°.4 les s ‘o very lar e 247331310 clas«es in tynlcal nrovlenms,
Truwvar, 1t doss ~ot se = wntwasoasile to conceive of the problem
ef - :in% escimetion as “ne in whilich the irvesti~ator chaoses an
as-:=~gt-=~ on tls basis cf consiarma:ion cf the risk c:irves of all
as=’~at-rs in som» essertially corists cliss., In principle this
ecr.21d-retion shoiléd Le co2rlste, But of c-urse tne practiecsl
cc rterm rt o this cen be &% lssst a rore or 1lwiss gxlansive
fe J1isrity with the es:entiilly completa class, doveloned ty stady

£ & varisty 37 mirticialar estl stors, ~osslbly strenthened by

v gy - 2 e © e e ————— e -~
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sons ge.:oral thesretical emmsidorations, and perhsps also by

refsrence to one or sevoral loss functions ani criteria of optimality

which may seen rmore or -ess appropriate in particular problems,
Such an approach 18 incced necessary if the undesirable features of
for—ulaifons based rrirarily on loss furcti.ns sre to be avolded.
It ray be feared that such an approach = talls swioward and
for~1dsble tasks of corrarisons of risk curves, eand 1s irpractical

to carry out, It «will bs seen beloy that this 1s not the case,

In nost docisicn<theoretic forrmulet®cns 2 statistical rroblens,

& reul-volusd »fsk function r(0,07) Is ‘efinsd for each parameter
point und each dectsion funetion., In the present forwulation, we
as3sccinte with each pair 0.0' a not of error-prohabilitles
&(u,O,OQ), u¥d . These respective error-probabllities, for each
fixed ¢ and G‘, ray be regardsd as corponents of a vector denoted
Ly r(¢,0") = { 1(u,9,0°)} s tha cormponepts a(u,9,6™) having
indax u, (Ve could define 1(0,0,0“) = 0 for formal convenience.)
Then r{6,07)1s =n example cof a vector-valusd risk function (6).
Ere—~le. Ist X be normally distributed with animoun mean 0
and varience 1, wita Sl = {Ol - <0 « m} « The classical
estinats>r, based on o3a obsarvation, 1s g(x) = x, The error-

protabllities of this e:tinator, when @ = 1, are

1= §(u-l) for a<l,
1-§(u-l) for u>1.

Tols risk curve s graphed in Pigure 2.1,
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A secund estimator, 9“(:) =x ¢+ 1, has, vhen O = 1, ths f~llowing

arror-probabilities, 21lusirated {= Fipure 2.2%
afu,1,6%) = %{a{) for u«<l1,

1-%(;-2) for n>1,

N

N a(u,l, 9')

)

.5..4-3-2-43’13*5
— U=

Pizure 23,2
Cur wishful irtaitivs 551 1n choosin: an esatlnator would be to

mizinizs sirzltarsdusly ali orZirates of such curves (for all e,
and for 1l k) sircs esch ordirats 1s the probsbility of an error

M’W
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which we wish to avold; of course this goal eammot be re lized in
non-trivial provlems, The estimator 0® 1s superior to 0 itn
reapsct to all errors of under-estimstion, dbut {s corresponiingly
worse with respect to errors of over-estinctlon. Prom this stand-
point re’ther can be called bettcr than the otaer; they are not
coaparsble,

A tiird ostimator is the apparently trivial omo, 87 (x) = ¢ o,
whose arrTor-probabilitiss, whon O = 1, are illastrated in Plgure 2,2:

a(u,1,0*") « {0 for u<1,

1 for u>1,

I&b‘:'reﬂ)

ST, : b
S -14 01 1 3 4
— U
Pigure 3.3

This eatinmstor (but no "smallor® ons) is perfect in avoiding errors
of under-estimation, but is as bad ss possidle with reaspect to over-
estimntion,

This example 1llustratss the technical ussfulness of our
sligcht generalization of the usual definition of an asti=mator, which

allows an estimator to taxe values mot only in Sl but throuchout ita

———

closurs L,
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It 4111 he shown below (a) that cech of these three estimators
15 ad=isiible: (b) that indeed every non-decreasing funetion o*ix)
of x %28 an adsta:ible estirator; (¢} that a minirml essentially
complate class of estimalors s constitited by the right-continuous
ncn-docreasing functiors 6% !x) of x; and (d4) that snong estinators
wvhich ere "mscian-untiased” (that 1, which over-estimate and undere
e3tinnte wita wquel protabilities, for each O), the clasaieal
estinator 13 nifermly best (that s, 8 niatzizos a(n,?) simul-

taneously for all Q@ er” all uwf3),

4o Rlemantiry thaory of adénissible estinators,

A uaaful part of ths thaory of adnmissidle estismtors of a real-
valiued parancter can be developed convenlently by nse of ths theory
of "o-sijed tesls of hypoiheses ¢us to Hoyman and Fearson, In
fact, for rwblems huving a sisgle structure, the corplets theory
can by dovelored 4n <his way, In this ssction, some usaful methods
and rosuits are intriduced under sinplifying assumptions; later
sections vill contaln oore peneral results, such as complete classes
cf adriissibleo enastoryfor sone of the problems considered here,

4.1, R.lntlons betiecn estir~ation and one-sidsd testiny nroblems,

iny iven eatiratoer 6'(1) of 8 real-valned parameter 3 csn de
used {n the following way to dafind & tost of the hypothesis

]
H: @ < Oo‘ whers °o i3 3lven, egainst H : @ 2 'o 3

1r 0%(x) < 9_ 18 observed, infer

o
that 0 <9, ("eccept H") 3
1ir o*(x) 2 0, 1s obssrved, infer
thet © 2 0, (“reject K°) ,

e = .




- e w

. ——— ¥

P

1 7.

Similarly, @ can be used to define & test of H: O 5 O, acatnst

5’3 0 >0, as followes
e G'(x):Do, infer @ <0 3
1t o*(x) > 0,, infer 2>0, .
1 o 1s such that
() Mb{O'h7-9010§-0 o= all 9 €AY,

then the two tssts are equivalent for t-sting eitkber hypothesis H,

Por any estimator 0" satisfyins (1), let Ag = {x‘o'(x) = 003 ’
()

the acceptances region of such a test, The Type I errors of such
a tost have probadbilities

1 - Prob{looloi = 1(00,0,0') for each 0 <9, 3
the Type 1l errors have probabilities
1>x-<>t:ZA° l o} = a0,,0,0") foreach 0>0, .
ke ]

For testing E:O«Oo,tha'ryponomrm o-cohu
probabllity

Pro® {Aao O°} = alo,-,0, 0") = 1-a(d +, 900 .

Por testing Hi © x 0, the Type I error vhen & = &, has
probabliliity

1 - Prod {A%loo} = alo,+, 0., 0") = 1-2a(0,-, 0, o).

In this wey, for aay estimator O which satisfics (1) and
which takes values only in JL, sach of the error-prodabdbilities
of 6 as an estimator can be irterpreted as an srror-probability

e e ——— - ——_

— e [ . e & s e 5w, em
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of a one-sided test based on Q.. Such interpretations rive ths
following useful partisl answer to the cuer:ion vhether ary

glven estinator 1s admissibles

Leza 1, If, for a sjecified family of Zeasitles £(x,0), 06N, 0°(x)
is any estimator satiafying

(s) Prov {o'(x) = %‘93 =0 forall O, and & e,
(b) o"(x) tekes values in L only,

() Ay = {x l ¢*(x) = Oo} is the accs;tence region of a test
o
vhioh 1s adrissitle for testing H: @ < O  acainst H't O > ¢,

and for testing E: 0 <O, acainst B : 03 0 ,for eut 6 €%,

t.:an 0’ {3 an atiissitle estirmtor,
Proof: 1If C” satisfles (a)-(c) and 1f ¢ e botter than c",
then for sowe OOGﬁ. and somo 0'€ n, 9';‘ O,s we have

a(0,, 0', 0") < a(o,, o', 0", while for a11 °oeN, o040,

o
ve “ave a(o , 0, o™ salo,,0,0 *). But then ixlO"(x) = 9‘,73
is the acceptance repgiocs of a test of H: O = 9 which 1s batter
than {x!é (x) <6 } » contradictirg the assuned adniesidility of
the Latter test. (A tost 1s called adnisiitle 1f no other test
has all error-probabilities ot least as =rsll, with at laast one
strictly smaller,)

For ary estirator O., since 6 < 02 inplies
»
{xlo (x) < Olic {xlo"(x) = 02} s ths acceptance regioms {‘o}

defined as above ccnstivute e non-dacressing sequence of se<s w*th
tndex 0 € {1,

Many acnissible estimators can be corstructed by the dovice
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of deter—!-in, for @1rh € CJSL, un almiasible scceptance region
Aco fzr & nypothesis ¥:9 « °o' in such & way that the secusence
{Ago} ts mon-detreasirpg in 00. A simple method for such construce
tiony 23 siven by the ‘ollowing
Coralla~y 1. Por a srecifind fanily of densities f(x,9), oc -,
let v{x,9) ce any function satisfying
() £°p ~ach €L, v(x,é) 1s moas:xrable and v(X,0) has s
gintinu~ns o,d.7.3
() f>r aach x€S, v(x,0) s decre:sing in O and v(x,0) = C has
a{un15.e) solution Qifd
(c¢) for eazh 0, € n., {x'.v(x,oo) < Oz is the acceptance rezion
f & tast which 1s alnligaible for testing H: O < °o and Bz 0 « 0° -
For eaeh 4af3, let 6%(x) bs the sclutinon @ of v(x,8) = 0, Then
0” 13 a3 ad=isaitle esti-ator,
Proof: 3l-re {xlv(x,co) b3 o} = {x}g’(x) = 001 » the corollary
f>1ly.s Srom Lemrsa 1.

a2 1cn3icme 1Z¥slitesd ratlo conditdon,

Sio-33e tho fanily £(x,0), €€ ﬂ, admits a« real-valuad

3:0f%el 2 statistics t = t(x) sctisfying

(A) % nas, for esch € <L, a danaity function h(t‘,é) witn r;:p«_;c.;._'"h
to 8w misre Vs ¥(t); ani 9 <9, {rplies that h(t,oz}/h(t,ol)

s incre=siny in ¢,

If wa a..? the nsme~tic7 thoat t mas & continudous distributisn for

sach O, ws crn aafine t{0,«) 80 a3 to setiify « = Prod {t".x) < t(Q.d)IO}
fer ef-k 6€ 4L and each <, 0 <« <1, Lot «(0) be any fun:tion, os<idsl

sich tazt £{6,<{0)) i3 contiruous and strietly incroasing in O,

Then tne cancitions ¢f Corollary 1 are net by v(x,0) = t(x)-t(0,«.0)),

In fuect, the s2centance region (for testing H: @ 9  or H: 3 <0 )

e —— . A —— e - T ———
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i, = {xlv(x,oo) = o} = {x!t(x) s t(O,a(O))} 1s vell Imown to
o

mininize sirmiltaneously the prodadilities 5f errcrs of Type 1 and
II subject to the coniition Prob{lo '90}- «(8,). It follows
o

from Corollary 1 that the estimator O (x), delined for each xfS

. as the sclution 0 of ¢(0,«(38)) = t(x), 1s ar adnissidle est'mator;

asd furtler, aorg &ll estizmators withk the saze locstioa Tunctions
a(s -, 9, %) = 1-alo +, 6, %) = «{Q),

o%(x) 1s uniformly best (ttat ‘s, 3° minintzes iz tanecus_y all
error probtubilities a{u,0), u f 9, Q¢ . (Zquivalently, overy
incressing function (%) taling values in JL 1s an adrissivle
estimator.)

Teking «{(@)= «, 0 <« <1, o%(x) 1s fanilier as an uprer
eonfidence linit vith coulldonve coslflficicnt lew {and/or a “ouer

confidance 1linit, w ta coefficlent «),

Le? Gerorclized raxl—rmelikelihnod estinators,

Por = riven faniiy f(x,0), 0€J%, 1at A(0) and o(e) be
any two functions satisfying A(3) > 0, A0) 2 0, 6+ 4(0) F—n‘,
and G . A4(0) €L, for sach G€fL, Assww f(x,0) > 0 for cach
x€3 and each 9€ L, an< let

log £/x,0 +A(s)} - loz £{x,0 - 4 (8))

v({x,9) =
AlQ) + ATO)

~ Gle, a(0)) ,

vhere «(Q) satlsfles O < «(0) <1 and G(0, «(0)) satisfies

«(Q) = Prod {v(x,o) = olo]

for esch 9€JSL, In rany problems tiese conditions can be satlsfied

by sultable cholces of A(3), A4(9), and «(9), and the resulting
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function v{x,0) will als> satisfy the conditions of Corollary 1,
vhich ws now assurme.

To ses that & set A, = {x!v(x,oo) = 0} 1s necessarily
acceptance reglon of °
moL-imiu'.bla test of %: 0 < 9° and of I: © « °o s NOte that

v(x,ao) 13 a nonotens fuilctlion cf the likelihood ratlo

fix,?, + s(0 1 /1r(x,0, - A'(Oo)); 1t follows, by the Neyman-Pearsom
v
lerma, <aat A';o £ivos w tast of the siaple hypothesis 4,3 8 = 0 - & {9¢)

a,atl13t the siiple altoraative H,: e =9, ¢ A(Oa), with minimun

Typo II error ancns all tests with the sans or snaller Tyre I error.
7
L

i daterins® e3zentinlly uniquely; hence A° reprosents a test
o

wiich 1s adnisiible Zor testing H: @ < °o or H: @ « 00.

Since ?rob jv(X,6 ) = OIOZ =0 for each ©€S), this best test

It follows by Corcllary 1 that an adaissible estimator is
given by 0% (<) cefinod, for each x¢ S, as the solution O o v(x,6) =0,
If in the above definition of v(x,?) we consider for each ©
a seqierce of cholees of A(6) and A () such that 2(0)+ A(0)—ms o,
we obsaln, as n formal llmit of the first tarm of v{x,o), -533 log £(x,0),
provided that, for esch x€8 and 6¢S), this derivative exists.
Tenwing aelds thie Yim’t{inz process, 1t 19 convenient tc consider

directly an alternative efirition of v(x,0) es follows:
» £’ 1,9}
v(x,0) = 3% log £(x,9) = a(C, «(ON= L A2.%0 L g(e, «(9)),
£(x,0)

ass:ming exiiterce of the derivative, IHsre G(6,4(0)) 1s deiined

as bofors so that, for ach &, «(0) = Prob {¥(X,0) £0/0}. Ths

scceptance ragin Ag = {xlv(x,oo) s 0} 1s clearly eoquivalent
°

to ons based on the ‘mmquality ¢ (x,co)/i‘(x,o’) - O(OOft(O')).

‘m»‘
b

o oL
/
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To1s 19 well known to be the accejptance region of the locallysdest
test, of sixe 1~4(0,), of the hypothesia H: @ = 6 asairst H'3 € > 0,

(and to bu the rajection ronton of the locally-bess test, of sl:ze
-«(Jo), of B: @ = 0 against 8’1 0 < Oo), pravided that £(x,9)

satislles % .L r{x,9) ¢ = j;;% £(x.0) d for sach (measuradls)

WS, If v(x,9) 3atisfles the conditions of Corollary 1 sbove, tlen
tho following estirator 1s adniasidle: Tor sach r, let o' (x) te

the £:1ution @ of v(x,0. = 0, that ia, of «§, log ri{x,3) = g(9,«(¢)).

Awng all estimstors with the same locetion funciidng, sach estinatoes
rini-fze er-or-probatilities a(u,0,0%) for u in the nei-borhood
of O, for each G€J2,

Tue estialsrs cbiaired in this scetiza 3rc Sonsrclisstione
of the maxirum-1ikeilan-d estimator 8(x) which 1a dafined as the
solutior of the equatior % log £(x,0) = 0, Thus, under the
conditicns rontioned, tte maxlmum-~-likrlirocd evtimitor iz al=isszitlie,
It has the location fmetions o{d-, 0,8 = 1-aloe, ¢, V) = «{0),
vhere .{9) m Probh {r'(x,c)/ﬂx,s} < o!oz , where [ (x,3) = % I{=,0}.
Ir £'(X,9V/1(X,0) has a s;-matrical distribution, its medlan will
eotreide with 1t3 rsaa, which 1s B(f' ‘X,0)/£(X,0118) = 0, piving
4(0)z .5, lore pgonsrally, if x 1s a 8:~;le of incapencant obser s
tions, the norral sp-rcxi~otion (ba=zcd or. tho Ceriml Linit Thecrem)
vill often ap-1y relatively well for mod.rate sagls 3iges $2 rive

)

2 .5 a3 an approximution to the locaticn firction of B .
L.,  amoles,

The first two exa7;les telow 11llustrate that t's netnd of
Section /1,2 can often be apnrlied converiently as & case of the
e thods of Seatiom 5030

L -
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MG lofr:l MOAN, let x = (,1'...,ﬂ, b a .Wh of n m“”mn'
observations from & normal distridation with mowm variaccs, say

rznl,mdunxnmumﬁ,-a<9<mo Then

-3 - -a?
£(x,0) = ﬁ (2m ‘e : gx‘" .
1=}
Lot

v(x,9) - 2oz £(x,0) 6(8, «(€)), where «(3) 1s
20

a given funetion, Then

-1
v(2,6) = n(F - 0) = 6(9, 4(0)) = nf - 06 - J& I («(e)) ,
n v
ware Yy u% E yy end i{'x) i{s the standsrd normal c.d.f. Then

v{x,9) clearly satisfies e>nditions (a) cnd (¢) of Corollary 1.

-1
Cendition (b) 1s met 1f «(0) is such that @ + 2 I («(c)) 1s
n

{increasing in 63 as B increases, this condition beccres a less
restrictive oms on «(0); (b) s obvicunrly setisfiod 1f «(8)=«4, C g« <1
for 811 9, Por each fumcilan «{8) =atiefyinr (), i~ «'zmissible
astimztor GW(x) 18 & fined &3 tho solutlon @ of v(x,0) = 0, that

) -1 -
@ * (“(0’) Sy o
NEY

Donoting the solutisn bty < {F), this gives % (x) = QT3 _QT) may
b any increasing function of ¥ 4f «(Q) is sultadly chtosen, For
«{8)= 4, this bacczes

v <l
¢ (x) = ?-—1-1 («) ,
=

o upper confidance limit of eonfidonce coef’lclisnt lex (and/or a

henieasisecmeindt. RSt

L]
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lover confledsace 1lixmit of coefficlent «), Since the function
v(x,0) {n ssch of these cases also meets the oonditions of Section
4.2, esach of theze estimators is unifornly best anony all estimetors
with the same location functions (0 -,0)=m1-af{0 +, 0)3 «(0).
Talidng «(8)=
the estimator obbained 1s indeponicnt of the particular value

cives ') mY(x) = Y 3 for this location functiom,

e

assumed for 0'-2 ;3 hence the classicel (maxirns 1lke ihood) estimator
1s unifornly best amcnz all“median-unblasad’ estimators of © even

ir o"z is not known,

Exipdle 2. lNormal varlancs. Les x = (yy,e-.7,) Ve a scomle of
2 inZependent observations from a ror—al distridbution with lmown
nean, say 4 = 0, and unknown standard deviation @ =g , 0 <«g”< @,
Then n
2 L
n -x=3 3
£(x,0) = 'ﬂ' (21ro'2)"€ cCiml 1l | Let
1=l

v(x,0) = ‘5373 log £{x,0) = 0{0,4(9)), vhere «(9) 1s a given

function, Then
2
v(x,0) = 3’-} ( -6-3-2--1) - 3g,«07)),

2

vhere s = 2

Jq o

sl
Mo

LY

=

4
Por a glven g~ , %_-3 has the Chiesquare d4istribution with n denrers

1 2 2
o1 freedom; hance G(g~, «(0°)) = r=2 (7!,,_4(,1 -n), wvhere }'—n"

1s the lower «.point of ths Chl-square distribttion with n dsgrecs
2 2
1 nse
of freedom, Thus vw(x,0) = o ( -a;—{ ';n,.«(c‘))’ If, for sxample,

4(@) = «, then v(x,0) satisfies conditions (a)=(e) of Corollary 1,

TaXking A(G’)Eé cives, as the solution of v(x,0} » 0, the

- . —— 'lk o e ——— ——— -
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25, *
median-unhicsed estimator of @ ,
~4 ~
=g x)= .J n/ .
%ﬂ,os
!
Sinilarly, the meilan-unblased estimator of ‘_2 1s !
~ 2 ‘.
Z2- @22 /E . i
B,.? i
2 ~y e 2 i

Wron n ‘s not small, n/},
Nye

L ] ~” o
p »1 ,ad T =s andg- =8 ,
whore 82 13 the classical unblased estimate. (These relations are
cons’dered in mors detall in Section 5.1 below.) In each of these
casos, the acceptarce rogions Ag = {x!w(x,ﬂo) =0 } are equivsient
°
2 3
« el 2

to those obtalnadble as in Section k.2, A% = {xh =0, fn"(d_o)/nj o
Rence cach of the estimantors considered is uniformly best ermng
all estimetors with ths same locstion f'metions,

The following tw) vamiples fllustra‘e the method of Secticn ko2

Zze=le 3. Loctatic menn. Let x = (s7,0007,) Do a sarple of 1

3-deper.ient observatfors fom a lopistic distridbution with unkoowm
-\J
mean O3 Pmb{!:yloz- &(y-o)-l‘/(loe ),-oo<y<co,

-(y-0) -(y-9
e 0 « 9 < @} Y has the density function \lf (y-0)=€ 7 /(1+c ¥

’)2'
Taking AOIZ £(O)=A>0 and «(0)Z 4, 0 <1<l , ot
viz,0) = g [105 £0x,0 +4) < log £'x,0 -A)] - 69, «)

'!’%[g‘x (log \lf(yz-vod)-lo{;\lf(y‘-00d)]-0(9.4).

Cond.tion (a) of Corollary 1 is satisfled, since I;I(Y«O-A)/i!(!.m a)

| S e acve. s

PR |
»
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hz,xnitln random varisble with a continwous c.d.f. Condition (b)
as satisfied, sizce \}((y‘ -9 -6}/ \Y(y1 - 244) 18 decreasing
in 0 fram ¢ 00 to - o, and 3(0, «) 1s incepencent of &,
Condition {c) 1s satisfied (since {xlv(x.oo) = 0} 18 tne seseptence
region of an essentially-uniquely determined dest test, of
B:0x0Q, - 4 4gainat Hyt 0w 9, ¢ D) , Tence &n admiszible

estirator @"(x) 1s civen by the solution 0 of v{x,0) =0 . Ue
have by =ymxwtrr that 3°0, %) w 0, 30 that &3 adni--~ible nadicn~
untiased estimator is 9(x), the solition @ of

é[loa “;f(:, -~ 0 <4)- 1og \}H:,- ow)] =0,

This estimator and its risk curves dspend upos the particular

valim O chosen} the error-probabilities (0 -A,0.0.}- .(:‘.&A,‘;,Q”?

have 2 mininmized coomon valve for sll O
Taking the "lixmiting case 8 > 0," wa Cefine

v(x,0) = 25 £(x,8) - 6(0,)

=23 Yy -9 -n-000 .

The eonditlions of Corcllary 1 can arain be verisied, To determine
G{G «), note that when @ 1s true, {(’I « @) has the unit rectanuler

n
distribution; the c.d.f. or}':‘tlf(!r @) can de caleilated, o

=]
aproxirated ¢losely, except for extrems valuvs of « and vrory small

n, by s noreal distribution, as showm in [7, pp. AiLh~246), Since
8(!-0)-§und Var(%u-o))-%z,uohan by the norwl

-l
spproxisation 0G{8,«) :Jé § (2) . Tenee tie locally<bost

— e . o e —— . % i = s i e = et
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estimator 3 {x) with location functions a(0-,0)Z 1-a{é+,s}= «
s the soluilon O of

{(y,-o)-,o,o(oa).g* \.r?.}'l(a .

By symetry, o(oé) ® 0, 80 that the jocslly-best medier.-untiases

1-1

estinator coincides with ths maxirun likelihool estizator, a2l
i{s the solution of

éi’(’x"”' 5.

Sclutions of the latter two aquations nurwrically are essily
obtained by uie of tables of the funciions '%(n) 3] .

Exsrple 4, lsplacean wesn., Let x = (yl,...y ) ba = zemrls of
n

n independsnt observations frum a laplscean (double expcnential’
distribution with unknown mean 9, @ < 0 < @ , with density
function

h(y,0) --%e.h.“l o =00 <y € @ .

Por any 4> 0, let

vix,0) » 215 [m; £(x,04 8)= log r(x,o-o)] - 6(6 «(8))

n
- LEI (’ySM"’i‘O’A ‘)] - G{0,«(6)).
¥e note that

ly-0-al-ly0+8l e |26 1r ¢ < y-~8 ,

2(y-0) 1r y-2 <0 < y+b ,
A ifr y+0 350,




n
and hence -24n g X:(!yi-dotl-‘;‘-O*Ai) Z24n for all x.
=)

-4
Since M{!:O-ﬂlez-ie s T c.d.f, o

n -8

(1Y,~0-0]-1Y,~0+4]) has a Jup of € )@ at exh ed c-
its ran{s, and is continuously increasing between t-ese  'ri:s,
Beace G{0,«(0)) i1s welledesined if «{G) satisfias

-8 -4
(%e 1 < £(0) « | -(%e )® fox all O3 !f sls. -I31= ., ¢ s
G(0,«) 1s independent of 9, since the distr-ibuzion =2 T4 =
independent of O; by symetry, G(G%) = 0, A sixla cmgit-tio
gives
-l -8

Var({Y-0-A|-]Y-0+4]) = 8(1-¢ -4¢e ), = v, sav; t::n

for n pot very small and « not extrens, the normal sp-r- _lwstle..

to ths distribution of v(X,d) gilves

a(6 «) ;\!nv i-’.(&) -

Condition (a) of Corollary 1 is nct satisflod by wix,s), Tt we
resort to Lesaa 1 to prove the wirissidility of ¢=e csshiatny
dofined by use of v(x,0): For any «(®) doundad s- a25va, 1nd
such that condition (b) of Corollrry 1 12 satis®le4 by v(g,t, *
13 easily ve.ifled that the est’mation 0" (x), “e t~eZ as t's
solution @ of v(x,0) = O, sstisflecd *he conditisar o2 Lemre -,
and honce is admissidle.

The rrdlan-urbiased sstima<or G(x. sbtulned ss the s-1- :in-

g ’(yxoﬂ)-c } - I___Ti !(yiodi -9 ‘

(vhich is easily solved numerically), depends upoz the particulc-
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vaiue L chdwen; the sarrer-provatiliting (0~ 8 .0,5) = a(06¢4,0, 0)

eve A iallze? cowxn velus £ gll O,
Tains ¢te "limi:zirg cuse & —a 3, we Sttaln
n
¥(2,9) 0 T Iy, > 6) = T Iy, < Q) = 6°02(8)) ,
s 1 =1

#are, for ary relation R, the irdicasor-finztion I(7) 1s 2efined

57 I'3} =1 ¢C R I8 e mnd I(F) = 3 if R i3 felss. Thus

n n
2_ Iy, >0) -2 _ 1Iir; < @) 1s the nunber of obse-vations vy
i=) L]

exceoding O minis the mmder of otservaticns lsss than 03 with
prouability cna, ths observations ¥y nave n Jistinct values, and

=227 bo orde-ed, Yia) <¥(2) < oo <Y(g) * Then

n=1, 12 @ = ’(1’ »

n=2, i y< € <y(y) ,

e M0 > 3y -

‘et r bs axr i-terer, D <pr <n, It 1s ea-ily sesn that the
lecally-best test of I: @ = 0, acainst B': 6> O, of size

De
1 - .c(co) -1 {2 1x glven by the acocertancs region
& w0 T

W

Ag '{8‘1’-’ & 00}. Taking

[+]

a3 =1L, 0(0,4(0)) =1 ¢ 1 <2p
= -;E p! ~” =3 e »

n n
we have v(x,o)-}';:ixz,1>o)-§ I(yg <0) = (a +1 < 20)p
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with 2=~ra5. 1l ore, v 'x,0) @ 0 +1%7 have a wnigue solution O,
rs=oly Fxr . P TI'is astisrstor satisfles the conditions of
Lrrne 1, unl 3o 1s radnlneible; amons all ati~wtors with the same
1rcation 1wetinons, it nininizes the er-ur~pobedilities a{u,0) in

tue reldbortsod of 0, roxr every 0. If n 1s 247, '5'(:) -"y' - ’(ml

<

tze tar;le redlan, 1s an adaissible madian-undiased estimator,

S. allanwcnblased estinetore,

A 5ert of "W zantttedly vagie foal In Vite e3lima’ jon prodblen®

13 exprasrac in tise notion that for each @ ths diatributien of an
o=ll-alor 82114 heve © a3 & "tyricel' or "eairsl? value in some
ssraa. J¢s* Jiscusiliocns of the use o stasistics to descrice dise
triv.tins a0 cleir <l sizple goint thet tiere {3 no i{ndex
(;ra~rmatr=) €l .06 loc.ticn of a ¢istridbuti:n walen 1s uniqiely

Iv ascrasle . or rereovel cescriptive pusposen, For the ertiwation
r-:bler, 5+ cons dered hwrs, the uge of the criter’on (propssed by

Browr. {3}) of —cdier-untinsed (exszt or apnroximate), to specily

32it 5Ty ¢~ taring of a jwint-satinatorts distritutions, syems at
o

losat a3 s1-2sfiuctory ar wy alterpatlve: an estimator & (x) of

g re-lovulped parirets: O ¢ called rodiene-ndissed 1€ Tor each 9

e~ o

1ts rrox bl Zties of Cerestirmticn and .nderestination ars squal:

e 0,!,‘.9.) e 3.0 -,0,90) for each O € Ao

A oarvintors ©f nor lun-undlased sstipntors, which seems
pertici criy 3;;ropriste for our primary purpose of conveyirg
trformatl- v a>ct psrax tors, {s a property of irvariancet If
& n) s oy medlene-uandb! ased estizator of 8, then sach strictly

rotone 7f faetior ¥= ¥(C) has %he owdlan-rmbiazes sstimator

= ¥{3%x)).
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The moast wicely used criterion of location for estimators

13 of corrse resr—irbissedness) the latter tsmm will be ased,

whet necessary tc avoid possidble terminological eoafusion, ia

place of the uswil term unbissedness, Undissed esiimators lack

the property of ‘pvariance described abovse (except in the restrictad
case that ¥(0) le say linear functior), This seeas to Le a 4is-
advantagce, at lewst in prineiple, f7r gp~licatisns to modsls of
experinents in w'ilch one parameter has a sirgle si xificance Jar
the strusture of tre n-dal, but where it is nsturel to consiier
ssveral different funetions of the parsnetsrs; each of vhich has

a distinct nesnirs™l interpretation. A simpls exxrpls is the

‘steadard deviaticn ¢~ of a normal dlstridutior; g~ and the varisnce

42 have distinct 1nterpretations, und 1t 1s s>wiimes desired

to conaidsr estimates cof each in 3w seme context. For such parroses
1t 1s desirsdle to dsfine, 1f possibtle, good esti-wtors of esch
parcnster whica are conaiatent with ths —~athematicel relatiom
betwesn the ~a atsters.

A zsc nd rer2sn for oconsidaring altertatives to the neane
undiasednass criterion for our present purposs 1s that tzis criterion
seens gonswhal allia to criteria deased on loss functioms, use of
¥ ich we havs sel oul %o avold aa far as possidle,.

A thisrd «nd periipa stryapest roissn is that this eriterion
sozatines forces the usa of an estimtor which cozld othoervise be
striotly irproved upon from the atandpoint of aisissidility, A
fadlisr oxarrle 13 the nroblem of estimeting a component of
veriance. Hers ihe obvisus ixprovement of rerlacin: a negative
estimmts by the valie zero can be made only 1f the criteriom of
mbdisseudness is Cropred, On the other hand, ia oroblems Yhere

ol
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scoe 9° satisfies (049,9%) = a(040,0") « ;/2 on, for exumple,
-Q--{OIO¢O « o;, 0% may be redefined as sero on any x for
wtish It is negative, resuiting in general in an irprovenert without
altarin; the median-unbissedness of o®.

The most important use mmde of the ~rinciole of msean-undblssed-
ness seenms to be in the develoomant of the theory and techniques
ol 1inear valirution., Por many purposes the basiec sssmntions of
t-at theory, vhich coacern only the reans ané covariances of
observniional errors, ars supnlemanted ty a ncrmalily assamption,
“henever the latter assusntion is added, we can {as indieated in
Exammls 1 of Section 4 adove) dispenss with the justification
usually given for the classical estirctors of linea regression
theory which inclule the msan-unbissedness critirion, and instead
recazmand the classical estirators on the following dbasis, vhich
secris superilor from the phuni standpoint (or both theoretical
and practical purposes: the classical estinatort are (a) median-
u=biesed (and honce have the invarianee property dsscribed above)

probabi1ities
and (b) snong 21l such estinatars, they nininize sirraltanndusly il (

of over-estimation and under-estiration of every parametric function
which i3 "estimable" (as defined in that theory)., If this
Instification for the classicel estinators 13 adopted, the use of
o en- mbingedrvss properties remains ecsential at the level of
tachnical dsvelopment of the theory and techiiques, bni.aoon not
play any rols at the level of basic justifying criteriz, The
theory of linear estimticn without nnrmslity assurptions is not
striectly corparsdle with the oresent discussion, since it 1s bassd
on an incompletely specified model for the observational errors
(only first and second moments being specified) while the present

. 5 S e
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! aprroach sssunes fully specifisd prodabllity models p(x,0);

howsvar, the rreccding comments on the icportant special case of

normally dlstrituted errott sem of some relevance for the more

! ganeral theory,

| A second extensive area of use of the mean-urblasedness
critericn s in asymplctic thsories of estimation, [nvever this

1use 18 t;Tically rede with referenie only to asymptotically normaully
distrib.ted estimators, llere, as #ith tto linear estimators just

- 40 A e i e i B

discusised, and incevd wlerever a& problem hes essentislly ths struo-
ture of the problsm of estimation of the mean of a normal distridbu-
tion, the criteria of mec> snd median-untiasedness are generally
satislied by the =amz sstimators; it mey then bde conaidared a

. matter of choloe vhich (if sither) eriterion is preferred and
adcpted as & justifying criterion, and wtich is to be considered

i ‘ an entailed ~rcoerty, (A rore detallod discussion of sone azpects

i of aayrptotic estination thesry will be riven in a later uction.)

An irportent and 11a’luet part of the estimation theory
develcped in the followins sections concerns rwdian-unblased
estirmetors, particularly sdmissible cnes, While this seation bas
Cescribed certoin alvantages of mdian-un.biasoc‘nosa a3 & oriterion

for point-estinutors, 1t wil) he r.called that our vrograx 1s not

to uss a thesry of polint-ostimators as a pronosed sclution or

“the estirmtion problen®, but to use satisfactory point-estirmators
and confidence limlits at various eoafidence levels jointly to forw
ocunidbus estizalors calied "confidence curves® which will de
prooosel as relatively satisfactory solutions for maxy estimation
problems, An ixportant additional advantage of sedlan-unbiased
point sstimators 1s th=t thay £1s well into this orowram,

—— e e - —————— o o m—— = . o . e e e ————
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.
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lerzerning the “sveloormont of theory and techniques of mediens
irmie1ed point o3ti~ation, 1t is useful ts aote the followings
Evory zpcer ocnfidence 1init with confideace coafliclent <5 (whioch
{s alis s lose> confidyice 1init with the scme coafficlent) is a
i iasera-icesd astircios {with ninor qualificatiozs). This simple
obre~ratio:, lea?s us ty» dopt for our vurases, first of all, the
ccruldarallg ooy ef .27 and techniques of estinstion by e ae-
ficatz~ 10-1ty, and more ~enorally to
corntler Zr driniisle &7, ainiseidble estimit:rz with location
fwetiors aft-,3) = alv+0) = .5 .

The fcllowiag comwnts coplerent the definition ¢f rmmdiane
1t 1secnese ~fvin abcre:

<2 any sctizator 8 zatisfles Prob {0° - ‘DIO} =0 for all
&, tan 0% 1r ~rdlsn-un.tased 1f and only f

u(:-;o,;(’) = A(W;G,O') -% for asch @ € f1,

 §
tati~atore iaitisTrins Prob {0' = e ! -] z > 0 for sone @

?
axd 9 uill & -enoal not be medisneunblaced, ur exarple, for

tie yone=4sl dlssrlbution .
N n - N=Xx .
r{z,6) o “x) L(-0) » 0,1,,..n, with 0 < & <1, the range of

eact ratiragsor C’(zl is n set of st mo3t n+l points in the closed
wtt ‘atervga. Chio aZG-,O,L') = 1-&(04,9.0") oexcept at points
!n the rar_:a of 0’: ard M'O—,0,0a), a(O+,0,0°) aroe continuoun
excant &t thsvs jointa, voere discontinuitles occwr, Henzs 9’{1.)
eannot bs median-~unbiased,

[{areixx s o 2¢:tribtutions £(x,0) dces not necessar’ly imply
non-existonce of -edlanewnblased estirators, If 8 -{x} is a

discrete sax:le gpacs, it is possible to erploy in & customary way




an auented sarple space s -l(x.y(x))} s Vhore y(x) 1o an
observed value of an suxiliary random varisble Y(x) whose con~

tinuous distritution may dapend upon ths cbserve? x dut not upon
©. Then estimators of the form 0%(x,y(x)) may bs redisn-unbissed
in probtlems for which no 0"(x) 1s median-unblased. Such sugmented
sa=ple spaces 8' ars, in fact, formally included as possible cases
of 8 throughout our gensral discussion, They are nseful technicslly
and thecretiocally to give a formal unity to theoretical developments.
An estinator 0%(x,y(x)) whose valuss dspend in an essential way on
the valus j{x) of a randomization variadble Y(x) majy de useful for
sorns decision or prediction apnlications, but

1t seens clear (in ths writer's opinion)
that such estinstors should not be used for inforsative inference
purposas even though 1t is sometimes useful to consider then in
the formal 4svelopment of estination theory. It follows that
sxact attainment of rnedlan-unblasodness will sometires be incore
Sisteat with the purposs of naling informative infarences.

In sormo problems with continuvo 's dsnsities £{x,0), medisn-

unbissed es imators exis? Dut are all inaémissidle, For exaople,
in the estiration of the mean of a normal distridutimm (Ixample 3
of Section 4 ebove), if ve taks n-{o]o <9 « wi , then the
classical estimator modified in the natural way,

o'(x)-{‘i iIr 730,

0 it ¥ < o0,

1s sdxissibles and isrunifornly dest & -ong nedian-unbiased estirators,
But 1f ve taks = {alo S0 <« m? s the sume eatinator is sdris-
8idtle, but ths condition of medlon-unbisednsss fails just at 8= O,

e £{0-,0,0") = 0 while (0+,0,6") =3 ; an estirmtor
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0% (x) w ¥ & yzo,
£ 1f F<«<o0,

whe=e € is any poei-ive number, 13 meiian-unbiased dDut insdniaridle,
It %3 useful and razural to define t'» edien-blas of any

estinator O at 9 an
B{0,0") = Prob io’(x) > eloi - Prod { "x) « oloi
= a'e-,0,0") - a(e-,0,0% ,

80 that "positlive mecdian-binz® <tmifies a larcer probability of
overcstirmtion than of underestinmation, In sone prodlens it is
useful to corsices estinttors which "nmininize |B(6,0")] for 0 €N ®

in some secnse. Por exaryle, the modified clas.ical ostinstor o*
of the n>rmal rmeea fiven above is admissitle, and anong aériissidble

est!iwtors none i1s strifctly better with respect to mesdlox-tias,
since any adrisstole estirator ©' (x) with 1B(0,0'3] < B(0,0") -%
gives, for soms 9 > 0, 8(9,0') <« 3{0,0" = C.

A estirator 07 will te celled spprorimetely modian-unblased
1r d(O,oﬁ) is close to zero for all @ € S}, :n scme prodblenms,
s3ch a3 those wilz dZscrete distridutions £(x,0), it i3 useful to
conricder acnisiille eatirntors whica ninirmize the maximm of
[3(8,6")] for © ¢ SL. ixamples are given below,

Dosyrite these necessary qualificatiors, the property of
rediun=urbisse iness reruins & rulding criterion for point-sstirators
whicn it 1s useful to corsider, along with the adis3idility
criterion, in develcpirs ssti=mators which may de useful for making
inforrative iaferances,

Por additional corments on variovs eriteria of unblssedness,
see Brown [9] and Savage ({S], p. 244). Por s dscision-theoretie
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approsch to such criteria, see Lelrmnn [10].

S.1 Best meilan-u-blssed esti=wators in simole atundard rroblers,

The simplest standard problens of estimation are these in
which ths fanily of densities r{x,0), © Eﬁ-, satisfies the monotone
11kel1ho5d ratio condition (A) o1 Section 4.2 above. For the

e —— T ——— S

probler of estimatiny the nean of a normal distridution (with
known or unknown variance), the classical estisator § =T 1as
shown {in Section L.4 ebove) to He the dsat mcdlan-undiszec
es:imator vhen Sl 1s the real line. (Other cases of L were
discussed above in the present section,)

S.11 Tormel ver‘ance or standard deviation.

In the prodblem of Example 2 of Sgetlon L.% above, 1t ims shown
that the best modian-unblased estinatorof a normal varilancs 6‘2 A

?‘z - 31%: vhare %‘ﬂ/x:..s »

and sirilarly for a normal atendard deviatior

3’" =9 % »
’ wheTe az i3 the usual unbdbiased estimator of c'e based on n deproes
% of frecdon,
Table 5,1 gives the values of é and X, for variois n,

2

vwhich oean be used to compute &% or f’- from values of tha clasaienl

estinates 8% or 8. Sinoo 1 <X <1.02 forn 2 18 and 1 <X <1.06

for n 2 6, thise nodification of tie clas ical estimators is a

quantitatively minor one oxoept for small n, and for many purpcses
L ]

1t will suffice to takr the approximate mmcf-z;lzmd ?‘ =g

i S Y
s —

-
- e T

N .
t x . - . X A ’ ’ . ‘r,.,‘-
f N gér N - \ T '
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3.
except for smll n, Pigure S.1 gives graphs of the fumetions 4
and X for = g ho .

Pron the standpoint cf eriteria for esti-ators, 1f the i3/ teria
of afnissidility and median-unbiasedns sy sre adopted for this
prcblen, the lat: er relstionships show that the clasaical estlmtors

‘2 anc s are !1stified ss very conveniert anid close aprroxima-
tions to the -spti-al ones, exce:: Jor x=all n,

These wlsatienihips provide a Justilication for ude

of the clas:ical estimators, excent for x%ll 3, wvhich se ms
gonerally more satisfactory (Cespite the approxirmation juvolved)
than the usual one based 02 mesn-unblaseinecs. The nagnituces
of the medlian-diss of the ususl estimstors,
38(a%,8%) = Bl ,0) = Px-obi-z > rzla-zz - P=cb {.2 <5?) a2 g .
are indepcndant of @~ § they are shown in Table 5.2 for varidus n.
Por exarple, for n = 70, :2
.S11 = .50 + 3L.022).

under.itivates with probability

ro R AR P S S it e
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CUNLIANTS PR COMPTTING BEST MIDIAK-TTBIASTD ESTIMATTS
OF THE VADAAZICE 08 STANDANY DSVIATION 07 A NORTAL
IST2IBUTION, FROI VALUZS OP THI CLASSICAL TSTIIWEIS

~?2 2 ~ 2 n+l 2
- 4 - s WDe = ~x) 12 ¢ = E(X) 1s
G lv.ﬁu amd G =k 8 ™ ® [}1.:1.(:1: ] "
n

2,18 2 .
uninown . and 3° = = Z:‘(xi’”) 1f p s lxown,
L) 8

[~ 3

L S n | @ | x
1 2.163 | 1.483 a 1.033 { 1,016
2 | .43 1.201 22 | 1.071 1.015
3 268 | 1,126 3 | 1.030 ] 1,015
i 1.192 1,992 213 1.023 1.014
S 1.149 1.772 25 1.027 1,014
6 | 1.122 | 1.739 26 | 1.026 1,013
7 1.103 1.350 Fad 1.025 1.013
8 1.089 | 1.044 28 1.02% 1,012
9 | 1.0719 1.039 29 | 1022 | 1,012
| 10 1.070 1.035 20 1,023 1,011
1 1 | 1.0tk | o1.0m ko { 1.017 | 1.008
' 12 | 1,098 | 1.729 0 | 1.013 | 1.007
13 | 1.0%4 1.026 60 ; 1,021 1.006
1 1,050 1.9225 70 1.010 1,005
15 1.C1,6 1.023 &0 1.009 1.004
16 1.03 1.0 90 1.007 1.00%

17 1.0 1.320 1.007 1,003
1.028 1.719 10¢0 1.001 1.000
1.03% 1.0138
L by 1.0%4 1.017

)
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_ TABLE 5.2 pe 3ic

¥IOTAN-BIAS P CLASSICAL UNEIASED ESTINATOR s2 OP TiZ VARIARCE €2
CP A TOXAL DISTRIBUYTOW

Btas B(s?, ¢2) = Probznz >~‘2} - mu{-’ <o—"}- 2 {Prob i-z > 0-2}- 3

. e ———— T —_—_

2 B(s oﬂ'z’
-.183
-.132
«.108
-ooqb
-, 084
-o0T?
~s07T1
-.067
-+063
-.060
-.049
- 042
07
«.0%
-.027
-02}
-.023
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S.12 Polsson mean., Let X = (7),ee.7,) Do & swpls of n independent
oberrvations fron a Polsson Afstridution with anlnown mczn @,
0 <9 < 3 then

r(‘.‘) - mbg“lyooo!n) - &'lr..,n)lc}

satisfies the monotone likelih>>d ratio condition {A) of Section
Le2 , With tha s.fZ'eleont statistis 3 = {_"E b £} distriduted

1
ascording to oo
h("o) = Probd {2 = ﬂlo z = c ‘no)‘/z'. ’-‘:"1.2...0 L)

By a sircple gesneralization of Lerra 1 (dispensing with assumption
(a), wvhich Goes not hold for non-randonized sstinators when f(x,9)
1s discrets), it can be shown that each non-decreasing function

6*(z) of 3, taking non-n2cative values, s an admisaidble estimeter,
and i3 unifomly best endng estimators with the same locatiom
functions, Among such estinmntors, we can choose ono for which
18(0,0")] s genarally relatively small, as follows: For eash 6, > 0
{following the rethod of Section §,1 without the restrictiun of
condition (1)), we ssek a test of By @ <@, and a test of

Bzz 0 < 90, with respsctive acosptunce reglons {z!: < zj‘} " §zh =3,

with X % pot necessarily integers, chosen

87 as to mininize the maximm of
l%-PrObiz <11]o°} . l%-m{z»-elooz l .

It 1» escsily vorifisd that (follcwing Seection 4.1) this lecds to

a rat*2d sequance of accoptance resions, for all °o >0,and the
£0llowing corrssponding estimators Por esch s » 0,1,2,..., O(s)

Jo tne value of om'm«mz:- the median of 2 in the precise sense t:

I Oy < T T L LT T e T
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TABLE S.3 r

24
APPROXTVATELY MEDIJAL-WIBIASZD ISTHWUTOR @ 37 POISS0T 1AL @ »
n

s 7 Y= sasnle total w nn 8, whare © = clasilecal estimate. i
1=

T approxinmatoly median-unbiased estimae.

3 ng(!)
0 o
1 1,146
2 2,156
3 2,159
I L.161
5 5.162
6
7
8
9 9,166
10 10,165
11
12
12
pi 14.165
15
20 20.17
25 25.17
A e e s T e TR A
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af clonsiical satimmtor @ o Polsson

A58

-

'e4ian«b
£ of s3tirxtor ¥ >f Table 5.2 (in red, where differenc).

PITURS 5.2 {11lastratinc Table S.4).
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a
INLIASGS3IAS 2 SR A & -~ yz/n OF Til3 lEAN 0 OF A
1=
P 1S3ST DISTIIN S L YRt r uTP * 97 ESTCATOR O CP TATLE S.3,
Picr omchy 22218 1 vy 1, I {5 >a! . h'obia < 0]0? - B(nG.néi.
4

,‘ ard Probi'a > §J< : R «:5 < olo( B(n@,nd),

— 1 . T = 1 - 1 ~
Dd I Ty 33(n0,n0) 20 |3 B{no,m0) ¥ B(no,o8)
0.0 | YT 7T T Eewm, except
0.C+ 7 whero velues 3.2 ~ 4103

2007 ko sre given, 3L - +058

.3 .t 3.6 - 015
3.5 + 027
4.0 - o129 + 067
k.2 - o090
h‘h - 0051
L6 - J012

, 05 S T
‘ «10 - .
i .15 .
«20

L]
| LAY EY
o
WY &Y e AN

5 et . k.8 + 02
.+ SR I S.0 - 116 + 060
-50 - i 5.2 - ,03C
#30 - 17y 5.4 - JOUb
.50 .3 ’ 5.6 - 012

.70 B S S.8 + 022
30 ot 6.0 - 2106 + 054
90 B I B 6.5 - <027

1.0 - .28 + 132 7.0 - #09¢ + ,050
1.1 19 TS - 025
3.2 BRI 3.0 - ,003 + .0%7
1.3 L1370 3.% - .023
.4 - L2 7.0 - 4037 + 044
1.5 - .28 9.2
1.6 - L35 93
1.7 ~ L037 9.6
1.8 + o237 ! 9.3

et e e

1.9 L L0588 10,0 - ,083 + 042
2.0 L7 L+ 09k 10.5
2.2 St 5 11.0 - 079 * 040
2.4 -~ i 1%.0 - 070 + .0%
2.6 - N3 -

N 2.5 + ,071 | o

+

3.0 » 1“‘17 + .077 06
o .3
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— - e
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Tudie S.0j, continued

26 | 4 Bt=0,00) ! 3o 2
15.0 - o068 + 03
o2
oh
N 3
o8
16.0
19.0 - o061 + .00
o2
oh
N 3
8
20,0 - 059 + ,030
o2
.1
N
8
.0 - ,058 + 09
25.0 - 052 * 027
22,0 - 043 + 02
4c.0 - JU42 + .02
0.0 - 4038 4+ .019
70.0 - 032 4 016
100,0 - o627 + 013

TS e s
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Prob {z < .Io -3'(:)3- m{z > :Io -‘5’(:)} .

Such raluss of T(3) sre easily determined by use of tadles of the
Polsson distribution, and are illustrated in Tabdle 5.3, 1% single
such table suffices for sll sarmple sizes n, since the disariluzion
of 8 depends on nO ut not on n and O separstsly; hence the tabls
glves, for egach 2, the valus of nd(s), which is tc be divided by
the saarle size n occurring any pactiocular applicatica.
It i1l be seea that 0lz) 2:fZars only slichtly from the

classtoal eatimator ${z) = g/n: for 032 ,

s = ns(a);na(:);lomz .

Picure 5.2 and Table S.)i cocpare tue median-biss functions of
“(2) and 3(:)3 scein the differsnoss are 31izht, Thus for most
purpcsos the clas=-~ioal astinator 3(:) w211 serve as a coavenient
ard close spproxication to G(z). From tis stwmipoint of eriteria
for estimatorg, thsse ccispariscns provids a justifiecstion for ds~

of tte classiecsl estirztor (es bsiny sdnlssibls and bavias
sp-rozi—stely miniizas mslluaeblis enon; non-ranicnized

aiissible extirators) vhich ses=s gonerally more
satlafectory thxn the ususl Jurtificatlion (based on msan-unbissed-
pess),

S.13 BRino-!al recn. Let z = (Ygs00+7,) Do @ 32701s of n independent
Bernoully otservations, Prod srz = 1!0}- 9, Prcbiti - o(oz- 1-0 ,
when O is unkown, 0 <0 <1 , Then, proceedins as in the Polsson
case above m otisin the sufficisnt statistic sz = é 1 with

ths binomial distridation

h(x,0) = mg ze .[c} = (2105 1-9"% , 3 = 01,00,

Zor each sarwle sise n, an eetimstor ©(x) can be determined whioh

f o e o ———y T - —
v -
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P

(3

has ’Rinirmm median-bias in the same vense adopted in the Polseon
case, Tadle 5.5 gives such estimates 3'(:), for sssple sises

n = 3,5,10, and 20, {n comparison with the e¢l..sisal estimatde~

8(2) = s/n. Por 2e2, 8(s) m T(s). It will be seen thas

13(:) - 5(:)] =016 forn 25, and "5(:)- 3(:)‘ S 007 for n g 29.

Por n=10, the median-bias of the classisal estimator is comparcd
wita that of © in Table 5.6 and Figure 5.3, For ne20, the seme
cxmarison 1s given in Table S.7 ard Pigure 5.4, Again all of the
differences are slizht,

Thus 1f the estinatom 9(s) 13 adopted on the oriteria thas
1t s acils3idlo anéd has =ininm nedian-bie3 emon; notie
rendonlizsd adniasible estinatars, then for
mary purposes the classicali estimator 2 vill servs ss a convenient
and close epproximation to %. In tnls wxy, use of .ne classiecal
e3timators receivea s new justification which, depite the spproxime-
tion involved, ssens gcenerally more satisfsctory than the ususl

Justification based on mean-uindiszsedness,

6. Acknrpdreant, The writer {s Sratseful to Ir, Leslie Zurick

for corputing end prepering tadlss,
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TASLE 5.5
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APPRCXTMATIY MIDIAN-TESIASYD ESTDUTOR @ CP TSR BIBOMIAL PARANETER O,
CUPARED WITH THE CLAS ICAL ESYITATOR 8,
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PIJURE S.3 (1llaustrating Table 5.6). Median<bias of classical estismator ¢ of binomial

~ P-¢th
iy parwsster @ (in tlack), for semple size n = 10, cocpared with that of eastimator ¢ of ‘:
ta Tabls %.5 (in red, Whore 25ffarcat). .
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TABLE 5.6 1"“

FEDIATT-BIAS 0P CLASSICAL ESTIIAT0R O @ g/n OP A BINOITAL PARATTZR §, POR
SAIPLE SITE n = 10, COIPARZD WITH THE ESTIATOR © OF TASIE S.S.

B(0,%) = Prob Sd > olo} - Prob 28 <ole},
B{9,o) = Frob &3 > o|o}- h-ob{'a' < o[o}.

° %a(a,a) %3('0,3)
3 p

0.00 0.0 S8 ,exc bpt -] IB(O ,5) Ido,z)
0.00+ | - .5 Yhere

glvene
01 - JU40N «26 + 004
<02 - .27 27 + 03
.03 - 2237 .28 + .062
~0ly - o165 29 + .09
.05 - 099 320 - ,150 + J17
06 - ,039 s § - 123
«07 + 016 o2 - 095
.08 + 066 23 - o068
09 + 111 234 - Lol
.10 - .22 | ¢ 151 235 - 01
11 - 2197 + 188 .36 + ,013
.12 - .158 -7 + 040
.12 - 0120 | .8 + .066
14 - ,082 39 + .092
.15 -~ JOlly 4o - 133 + .18
+16 - 008 4 - .,108
217 + ,027 42 - ,082
.18 + ,06) NE - ,056
«19 + ,093 b - 4020
.20 -,178 | + 224 U5 - O}
Y- § - JA47 b + 022
22 - L3117 ch? * .oh.'
+2 - L0886 nhs + 073
o2 - 056 19 + ,098
25 - 026 *50 0.0
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parameter @ {in black), for sarpls size n = 20, ocomparcd with that of estimator 0 of

Tatle 5.5 {in red, where different).

r.3

lisdian~t ias of clasaiocal estiuator @ of dinomial

FI0URZ So4 (11°astrating Tedls 5.7).
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TABLE 5.7

HEDIAN-BIAS OP CLASTICAL ZSTITWTOR 6= s/n OF A BDIOMIAL PARAIETER O, POR

v

SAPLE SIZE n = 20, COIIPARED YITH THE ESTHIATOR © OF TABLE 5,5.

B(0,8) = ym{a > olo} - ?rob{i < olo} ,
B(9,6) = Prob i'o’ > 00} = Prov {S<olo }o

ot

¢ 380,8) 4500,0) o | 40,8 18(0,8)
.00 O. Same ,

006 | -5 sncopt

.0 -.m8 | Yies 2 | -.om

.02 - o168 27 - 0%

.02 - Ol «28 + ,005

.0l + .058 «29 + 045

.05 - 236 * 42 «30 - ,108 + 084
.06 - .61 + ,210 .1 - 070

o7 - ,087 32 - 01

.08 - G017 <33 + ,008

.09 + 048 1.1 + 046

«10 - 177 + 108 .35 - 101 + ,083
21 - 2120 3% - 064

012 - .063 -37 - 0027

A3 - 4008 «38 + ,011

.10 + oohs «39 + ,048

.15 - -11;3 + 0095 oho - 0096 + 0081‘-
.16 - o099 1 - 059

017 - 050 42 - 4,023

.18 - 003 43 + 014

219 + Ok U4 + 050

«20 - o130 + o089 ohs - ,091 + 086
2 - 086 46 -~ +056

.22 - -d‘z Ob.’ - 0020

23 + ,001 «h8 + 017

24 * JohY 49 * .093

5 - 17 + 085 «50 0.0
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(6)

n

(8)

(9)
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